Abstract. The Painlevé equations can be written as Hamiltonian systems with affine Weyl group symmetries. A canonical quantization of the Painlevé equations preserving the affine Weyl group symmetries has been studied. While, the Painlevé equations are isomonodromic equations for certain second-order linear differential equations. In this paper, we introduce a canonical quantization of Lax equations for the Painlevé equations and construct symmetries of the quantum Lax equations. We also show that our quantum Lax equations are derived from Virasoro conformal field theory.
Introduction
It is known that the Painlevé equations are Hamiltonian systems and, except for the first one, admit the affine Weyl group actions, as Bäcklund transformations [19] . For example, the second Painlevé equation P II (α) (α ∈ C) is the Hamiltonian system:
where
Let (q, p) be a solution to P II (α). Then, birational canonical transformations defined by
π(q, p) = (−q, −p + 2q 2 + t),
give solutions to P II (−α), P II (1 − α), respectively. The Bäcklund transformation group generated by s, π is equivalent to the extended affine Weyl group of type A
1 . Since the Painlevé equations are Hamiltonian systems, their quantization can be considered naturally. A canonical quantization of the Painlevé equations preserving the affine Weyl group actions have been studied [12] , [16] , [17] (see also [7] , [13] , [14] ). For example, the quantum second Painlevé equation QP II can be written as the time-dependent Schrödinger equation: with an appropriate cycle ∆, are solutions to QP II (−α), QP II (−κ − α), respectively. Similarly, the affine Weyl group symmetries for the quantum Painlevé equations QP III -QP VI were realized by using gauge transformations and the Laplace transformation [17] . In both the classical and quantum cases, the affine Weyl group symmetries play an important role to study special solutions to the systems. On the other hand, the Painlevé equations describe the isomonodromic deformation for certain second-order linear differential equations [6] . Since this fact is crucial for the Painlevé equations, it will be important to study its quantization. In the present paper, we introduce quantum Lax equations 1 and study their symmetries. In doing this, a useful fact is that the classical Lax equation can be written concisely in terms of the quantum and classical Hamiltonians. 
The symmetry of these quantum Lax equations can be derived by using the symmetry properties of the quantum Hamiltonians studied in [17] . Taking the classical limit of the quantum Lax equations as ǫ 2 → 0 with ǫ 2 ∂/∂q → p, we recover the classical Lax equations and symmetries of them. On realization of symmetries of the classical Lax equations, see [23] , [9] and references therein, for example. We also derive the quantum Lax equations from Virasoro conformal field theory with two null fields at x and q. Note that the quantum Painlevé equations are derived from the conformal field theory with one null field [3] , [16] , [2] . Similarly in the case of the quantum Painlevé equations [17] , symmetries constructed in this paper generate solutions to the quantum Lax equations. We shall investigate solutions to the quantum Lax equations in the forthcoming paper.
The remainder of this paper is organized as follows. In section 2, we introduce quantum Lax equations for the Painlevé equations. After recalling symmetries of the quantum Painlevé equations, we define transformations and show that those are Bäcklund transformations for the quantum Lax equations. In section 3, we derive quantum Lax equations introduced in section 2 from Virasoro conformal field theory. In appendix, we summarize the known results for the classical case. Remark 1.1. It is known that the quantum Painlevé equations with κ = 1 have a relation to corresponding classical Lax equations [22] , [18] , [25] . More precisely, the wave functions of the classical Lax equations multiplied by the tau functions of the Painlevé equations are solutions to the quantum Painlevé equations with κ = 1. This means that the classical Lax equations are related to the conformal field theory with the central charge c = 1. In [4] , the tau function of the classical sixth Painlevé equation is interpreted as a four points correlation function in the conformal field theory with c = 1.
Symmetry
In this section, we introduce the quantum Lax equations for the Painlevé equations and describe symmetries of them. In order to construct Bäcklund transformations of the quantum Lax equations, we use Bäcklund transformations of the quantum Painlevé equations.
2.1. P VI case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, α i (0 ≤ i ≤ 4), ǫ 1 , ǫ 2 , and the commutation relations
and the other commutation relations are zero, and a relation α 0 + α 1 + 2α 2 
Let H x VI (α) (α = (α 0 , α 1 , α 2 , α 3 , α 4 )) be the Hamiltonian for the quantum sixth Painlevé equation defined by
Let H q VI (α) be defined by replacing x, y, ǫ 1 , ǫ 2 in H x VI (α) with q, p, ǫ 2 , ǫ 1 , respectively. Let us introduce the quantum Lax operators L VI (α) and B VI (α) for the sixth Painlevé equation defined by
Here κ = ǫ 1 − ǫ 2 . We use this notation throughout the paper. Let us recall the extended affine Weyl group W(D 
, and [10] and reference therein.
Let L x , L q be the Laplace transformations on K with respect to x, q, respectively, defined by
Here, we have omitted to write the transformation on the variables if it acts identically. The automorphisms Ad (q − c) β/ǫ 2 , Ad (q − t) β/ǫ 2 are defined in the same way above.
Definition 2.2 (cf. [17] ). Let the automorphisms R
. 
By definition, the automorphisms R
We use this notation throughout the paper. For
and
For the automorphism T s
and l T s 0 s 1 s 3 s 4 s 2 is some element in K whose explicit form is given in the proof. For the automorphism S ,
Proof. A proof follows from direct computation. As an example, we compute (2.4) whose precise form is
From Proposition 2.3, we have
From Proposition 2.3 and above, we have
In a similar way, we have
We substitute (2.6) and (2.7) into the left hand side of (2.5) and then we compute it directly by using the commutation relations. After straightforward calculations, we obtain the relation (2.5).
2.2. P V case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, α i (0 ≤ i ≤ 3), ǫ 1 , ǫ 2 , and the commutation relations:
and the other commutation relations are zero, and a relation
Let H x V (α) (α = (α 0 , α 1 , α 2 , α 3 )) be the Hamiltonian for the quantum fifth Painlevé equation defined by 
Let us recall the extended affine Weyl group W(A
3 ) symmetry of the quantum fifth Painlevé equation. Here, W(A 
By definition, the automorphisms R 
Definition 2.9. Let the automorphisms R s i (
(α 2 + κ), 
For the automorphisms T r (r ∈ {σs 1 s 3 s 2 , s 1 s 2 s 3 π −1 }), 
Proof. For the cases of the automorphisms T r (r ∈ {σs 1 s 3 s 2 ,
which are the explicit forms of (2.8). Here A, B are elements in K such that
where a i, j , b i, j are rational functions of x, q, t, α i (i = 1, 2, 3), ǫ 1 , ǫ 2 . We omit the proofs of (2.9), (2.10), since they are similar to that of Theorem 2.5. Proofs of the other cases follow from direct computations by using Proposition 2.8.
Actions involving R 
Let us recall the extended affine Weyl group W(A
2 ) symmetry of the quantum fourth Painlevé equation. Here, W(A 
Definition 2.12 (cf. [17] ). Let the automorphisms R 
For the automorphism T r (r ∈ {σs 1 s 2 , s 1 s 2 π −1 }, 
Proof. For the cases of the automorphisms T r (r ∈ {σs 1 s 2 , s 1 s 2 π −1 } acting L IV (α), we show that
which is the explicit form of (2.11). Here A, B are elements in K such that
We omit the proofs of (2.12), (2.13), since they are similar to that of Theorem 2.5. Proofs of the other cases follow from direct computations by using Proposition 2.13.
2.4. P III case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, α i (0 ≤ i ≤ 2), ǫ 1 , ǫ 2 , and the commutation relations:
and the other commutation relations are zero, and a relation Definition 2.16 (cf. [13] , [7] ). Let the automorphisms s q for s ∈ {s 0 , s 1 , s 2 , σ} on K be defined by the following table:
Definition 2.17 (cf. [17] ). Let the automorphisms R
Proposition 2.18 ([17]). The automorphisms R
For the automorphism T σs 1 s 2 ,
14)
where f T σs 1 s 2 = κα 0 (α 2 + 2ǫ 1 ).
and l T σs 1 s 2 is some element in K whose explicit form is given in the proof. For the automorphism S ,
,
Proof. For the cases of the automorphisms T σs 1 s 2 acting L III (α), we show that 15) which is the explicit form of (2.14). We omit the proofs of (2.15), since they are similar to that of Theorem 2.5. Proofs of the other cases follow from direct computations by using Proposition 2.18.
We introduce the extended affine Weyl group W(A 
where l T s 0 π is some element in K whose explicit form is given in the proof. For the automorphism S , 17) which is the explicit form of (2.16). We omit the proofs of (2.17), since they are similar to that of Theorem 2.5. Proofs of the other cases follow from direct computations by using Proposition 2.23.
Proof. For the cases of the automorphisms
and the other commutation relations are zero, and a relation α 0 + α 1 = −ǫ 1 + ǫ 2 .
Let H x II (α) (α = (α 0 , α 1 )) be the Hamiltonians for the quantum second Painlevé equation defined by 
3.1. P VI case. Let Ψ CFT VI (q, x, t) be a correlation function on P 1 defined as
where Φ h i is the primary field of dimension h i = h(a i ), (i = 0, 1, t, ∞, q, x). We put 2 a q = −ǫ 1 and a x = −ǫ 2 , then we have the null field constraints
(3.5) 2 We apply these specializations also for J = II, · · · , V cases below. 20 From the residue theorem poles Res ξ(z)
, we obtain a linear relation between {L 
where C = (−a t − a ∞ − a 0 − a 1 + 3ǫ 1 + 3ǫ 2 )(−a t + a ∞ − a 0 − a 1 + ǫ 1 + ǫ 2 )/4. We note that the deformation equation B VI Ψ VI = 0 is equivalent to the BPZ equation (5.17) in [3] associated to the field Φ h q (q) and L VI Ψ VI = 0 is a linear combination of the BPZ equations associated to the fields Φ h q (q) and Φ h x (x). L V =(x − 1) ) are degenerate case of P III and studied systematically in [20] . In view of the 4d N = 2 gauge theory, the series (1, 1, 1, 1) → (2, 1, 1) → (2, 2) → (2, ) corresponds to the AD theories [8] . 
. ( 
